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TANGENT MEASURES AND ABSOLUTE CONTINUITY OF 
HARMONIC MEASURE 

JONAS AZZAM AND MIHALIS MOURGOGLOU 


Abstract. We show that for uniform domains Q C whose bound¬ 
aries satisfy a certain nondegeneracy condition that harmonic measure 
cannot be mutually absolutely continuous with respect to a-dimensional 
Hausdorff measure unless a < d. We employ a lemma that shows that, 
at almost every non-degenerate point, we may find a tangent measure of 
harmonic measure whose support is the boundary of yet another uniform 
domain whose harmonic measure resembles the tangent measure. 
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1. Introduction 

In this paper we discuss when the harmonic measure un for a domain 
n C M‘^+1 can be mutually absolutely continuous with respect to some 
Hausdorff measure This is a popular problem in the case a = d. For 
a simply connected planar domain C C, cco if and only 

if dQ is a rectifiable curve by the F. and M. Riesz theorem [RR16] (also 
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see [GM08]). In higher dimensions, some extra geometrie assumptions 
on the domain are neeessary due to eounterexamples by Wu and Ziemer 
[Wu86, Zie74]. Building on work of Dahlberg [Dah77], David and Jerison 
showed in [DJ90] that harmonie measure is in faet ^oo-equivalent to 
if D C is a non-tangentially aeeessible domain with Ahlfors d-regular 
boundary. 

Definition 1.1. We say C is a C-uniform domain if, for every 
x^y eVL there is a path 7 C D eonneeting x and y sueh that 

(1) the length of 7 is at most C\x — y\ and 

(2) fort €7, dist{t,dfl) > dist(f, {x, j/})/C. 

A curve satisfying the above conditions is called a good curve for x and y in 
D. We say satisfies the C-interior corkscrew condition if for all ^ G dVt 
and r G (0, diam^D) there is a ball B{x, r/C) C D n r). 

If B = B{^,r), we call B' = B{x,r/C) the corkscrew ball of B 
and denote its center by We say kl satisfies the C-exterior corkscrew 
condition if there is a ball B{y,r/C) C B{^,r)\kl for all ^ G dkl and 
r G (0,diam9f2). A domain kl C is C-non-tangentially accessible 
(or C-NTA) if it has the uniform, exterior and interior corkscrew properties 
with constants C. 

Our definition of NTA domains is slightly different than that introduced 
by Jerison and Kenig in [JK82], but it is equivalent [AHM+ld]. The appeal 
of these domains aside from their nice geometry are the convenient scale 
invariant properties of harmonic measure like being doubling. However, 
many of these properties have been generalized to other domains, see for 
example [AikOl], [AH08], and [MT15]. 

One still has -C ojn if O C is NTA and we just assume 

is locally finite instead of Ahlfors d-regular [Bad 12] (or even when 
kl is just uniform with rectifiable boundary [Moul5]), but we don’t get mu¬ 
tual absolute continuity [AMT15]. For the most part, all these results re¬ 
quire either assuming or establishing some rectifiability properties of the 
boundary of kl. Recently it was shown that rectifiability is actually nec¬ 
essary to have uq even on a subset of dkl [AHM+15]. See also 

[ABHM15] and [HM15]. 

The focus for us, however, will be on the relationship between harmonic 
measure and for a jk d, Makarov showed that for simply connected 
planar domains we have uq ± for a > 1 and uq d^°‘\an 

if a < 1 [Mak85]. This is a uniquely planar property, though: for d > 2, 
there are NTA topological spheres in called Wolff snowflakes for which 
either dimce^ < d or dimccn > d. In particular, we can have domains 
where ojq on a set of positive harmonic measure for some a > d 
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and uq _L for some a < d. The ease is due to Wolff [Wol91] 
and the result for higher dimensions is due to Lewis, Verehota, and Vogel 
[LVV05]. A corollary of our main results, however, will show that, for NTA 
domains, mutual absolute continuity can only occur if a < d. 

Corollary I. Let C be an NTA domain and E C such that 

ujq{E) > 0 and ujq\e <C -C 0Jn\E- Then a < d. 

Our main result holds in more general circumstances. Firstly, the domain 
need not be NTA but just uniform, and the points in E need to satisfy a 
nondegeneracy condition. 

Definition 1.2. For fl C connected and (3, S G (0,l),wesay^ G dfl 
is {(3, 5)-non-degenerate if 

dsi.i) ■= limsup?75(^,r) < (3 (1.1) 

r—^0 

where 

ris{i,r)-= sup no). 

|a: —^|=(5r 

We will say ^ is non-degenerate if it is (/3, 5)-non-degenerate for some 
> 0 . 


This may seem slightly messy, but it is satisfied at each point in dfl when 
O satisfies the capacity density condition, which we will define later. In 
particular, this includes NTA domains. 

Next, to establish the bound a < d, we don’t need mutual absolute con¬ 
tinuity but just some control on the upper densities of harmonic measure. 
Recall that we define the upper and lower a-densities for a measure p as 


‘(/i, ^) = limsup 

r^O 




KM 


lim inf 

r—^-O 


s 


We can now state the main result. 


Theorem I. Let d > 1, and O C be a uniform domain. Suppose there 
is a > 0, xo G O, and a set C dfl with (E) > 0 such that each ^ G E 
is non-degenerate and 

0 < < oo for ^ e E. (1.2) 


Then a < d. 

Observe that if £' C dfl is a set with J^°‘{E) < oo and uj^ <C on 
E, then < oo for -almost every ^ G £', and so having finite 
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densities is a weaker eondition in this seenario. Indeed, for ^ G -E, 




ui, 


Xo 


, = limsup 




r—>-0 


= limsup 

r^O 


n B(^, r)) 


The first quotient eonverges to 1 for aj^-alniost every G -E by [Mat95, 
Corollary 2.14]. The seeond quotient eonverges to a finite number for 
almost every (and henee cuo-almost every) ^ E B by [Mat95, Theorem 
2.12]. Finally, by [Mat95, Theorem 6.2], ■) G (0,oo) and 

henee the limit of the third quotient has finite supremal limit for ,9f'"-almost 
every (and henee cen-almost every) i E E. Thus, the above equalities give 

w?-a.e. mEi(^‘(E) < oo. 

(1.3) 

In partieular, this gives the following eorollaries. 

Corollary II. Let C be a uniform domain, a > d, and E C Of) 
be a set of non-degenerate points of finite ,9f'"-measure sueh that uJq\e <C 
Then = 0 for a;^°-almost every ^ E E. 

Corollary III. Let C M'^+^ be a uniform domain, E C Of) a set of non¬ 
degenerate points, and a > d. It is impossible for <C ^^\e -C oj^\e 
unless Uq°{E) = 0. 

Corollary III implies the eonditions of Corollary II sinee J^°'\e a;n|£; 

implies < oo. 

Mutual absolute eontinuity ean in faet oeeur for a < d. At the time 
of writing this manuseript, Alexander Volberg informed us that he eon- 
strueted a uniform domain C satisfying the eapaeity density eon¬ 
dition (so every point is non-degenerate by Lemma 2.6 below) sueh that 
un <C Ufi for some a < d. The eonstruetion is a modifieation of 

another example given by Bishop and Jones in the plane of a reetifiable set 
E CM? that eontains a set of positive harmonie measure but zero Hausdorff 
1-measure [BJ90]. 

We ean also bound a from below in eertain eireumstanees. 

Theorem II. Let C be a uniform domain and let E C Of) have 
positive harmonie measure sueh that 

0<C(^n°iO<oo for all ^ E E. 


(1.4) 
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Then a> d.\i for some s > d — 1 we have for each ^ G -E 


lim inf 

r—^-O 


S 


> 0 


then a > s. 


(1.5) 


Below we present a few simple corollaries of the main results. 
Corollary IV. If fl is an NTA domain satisfying 

for ^ in a set of positive harmonic measure, then a = d. 


Indeed, it is not difficult to show that NTA domains satisfy (1.5) with 
s = d. If i? is a ball centered on dil of radius and Bq is a ball of 
radius tbq comparable to so that 2Bq C n S, then the existence of 
the exterior corkscrew ball implies that the radial projection of Of! fl B onto 
dBo has measure at least a constant times (and hence at least a constant 
times r^). Since the radial projection onto OBq is Lipschitz on (2i?o)'^, this 
implies (1.5) with s = d. Also, any point satisfying (1.5) is non-degenerate 
by Lemma 2.7 below. Thus, the corollary follows from Theorem I and 
Theorem II . 

This corollary is particularly interesting in the context of Wolff snowflakes. 
Recall that if /r is a Borel probability measure in we define its lower 
and upper pointwise dimensions at the point x G supp p to be 


d^{x) 


r-s-O log r 


and d^{x) 


lim logMg(x.r)) 

r^o log r 


respectively. The common value d^(a;) = d^{x) = d^{x), if it exists, we 
call it pointwise dimension of /i. at a; G supp p. Wolff in fact constructs 
domains fl C where d^j^ < d cco-almost everywhere or d^^^ > d uq- 
almost everywhere. Note that if the upper and lower a-densities are finite 
and positive at a point, this implies the pointwise dimension at that point 
is a as well. In other words, ujq, having pointwise dimension a at means 
that for all £ > 0, < Ufi{B(^,r)) < r°‘~^ for r > 0 small enough, 

while having positive lower density means that cr" < UQ{B{^,r)) < Cr°' 
for r small and some constants c, C > 0. Thus, our results show that while 
the pointwise dimensions can be noninteger for these Wolff domains, the 
upper and lower a-densities cannot be finite and positive on a set of positive 
measure. 

To prove Theorem I , we will rely heavily on the tangent measures of 
Preiss [Pr87]. Recall that if /r is a Radon measure and x G supp p, then the 
tangent measures ofp at x, denoted Tan(/i, x), is the set of measures u that 
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are weak limits of the form u = limj^oo CjTx,rj#l^, where Cj > 0, rj 0, 
and 

Tx,r{y) = - • 

Tangent measures have been employed to study the relationship between 
harmonie measure and the geometry of the boundary in several papers, see 
for example [Badll], [KPT09], [KT99], and [KT06]. Other results whieh 
do not use tangent measures but employ more quantitative teehniques mod¬ 
elled after tangent measure methods inelude [PTT09] . 

The following is the main lemma we employ, whose proof takes up most 
of the paper and may be of independent interest. 


Lemma I. Let O C be a uniform domain, d > 1, and a:o € O. Fix 
S G (0,1), let F C dQ be the set of (/3,5)-non-degenerate points, and 
suppose it has positive a;^°-measure. Then for a;^°-almost every ^ 
Tan(a;^°, ,^o) 7^ 0- Moreover, if we have a tangent measure /r that is the 
weak limit of then we may pass to a subse- 

quenee sueh that the following hold. 

(1) supp /j is the boundary of a C"-uniform domain Q that is A-regular 
(see Definition 2.4 below), where C depends on C and d, and the 
A-regularity data depend additionally on 5 and (3. 

(2) There is a uniform subdomain Vt* dense in D sueh that for all x G 
D*, if Vtj := T^o,rj (^)> then x G VLj for all suffieiently large j. 

(3) Let Uj := uq.. For x G D*, cej eonverges weakly to ce?. 

(4) For eontinuous funetions / vanishing at infinity, the harmonie fune- 
tions / fduj eonverge to / fdu^ uniformly on eompaet subsets of 
Q*. 

(5) If (1.5) holds, then there exists c' > 0 depending on c and d so that 

r) n 5D) > c'r® for all ^ G 9D and r > 0. 

(6) Finally, there is Cq depending on d and C so that if B' C B = 
B{^, r) are balls eentered on dCl and B{x, -^) C B (1 fl, then 


G 


-.MB') 


< 


uj: 


■m 


KB) UJ^B) 


<G 


KB') 

"KB)- 


( 1 . 6 ) 


Similar results were shown by Kenig and Toro in [KT99] in the ease 
of NTA domains and [KT06] in the ease of two-sided NTA domains. For 
example. Lemma 3.8 in [KT99] show the above for result for NTA domains, 
and the tangent measure /r is what they eall the tangent measure at cx) for D. 
The inequality (1.6) isn’t stated there but follows from their work. See also 
Lemma 4.2 in [KT06]). What is speeial about the above lemma, however, 
is that it works for more general domains, and seeondly, that we ean fix a 
point in the limiting domain D and the sealed harmonie measures cej will 
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converge to the eorresponding harmonie measure in In a reeent paper 
with Xavier Tolsa, we also obtain slightly weaker versions of the blow up 
results of Kenig and Toro that held for A-regular domains without assuming 
uniformity (see [AMT 16]); however A-regularity is much stronger than the 
assumptions in Lemma I , and we did not obtain (1.6) in the purely A- 
regular (non-uniform) setting. 

Note that in Lemma I is a uniform A-regular domain, and thus a uni¬ 
form domain satisfying the CDC (if d > 2). This latter set satisfies many 
useful properties (sueh as harmonie measure being doubling, see [AH08]) 
that the original domain (1 may not have enjoyed originally. 

There are several possible venues for improvement and inquiry. Firstly, 
ean we relax the uniformity and nondegeneraey eonditions? These are used 
in quite erueial ways in the proof. Seeondly, we note that in Volberg’s ex¬ 
ample, ■) = 0 ,^"-almost everywhere, and hence 6*"(a;n|,-) 

vanishes cun-almost everywhere, and we don’t know if a = d otherwise. 

The authors would like to thank Xavier Tolsa for pushing us to eliminate 
a strong assumption from the main result, and Alexander Volberg for his 
enlightening diseussions and eomments on the manuseript. 

2. PRELIMINARIES 

2.1. Notation. We will work entirely in in with d > 1 . We write 
a < b if there is 67 > 0 so that a < Cb and a <t b if C depends on the 
parameter t. We write a ~ 6 to mean a <b < a and define a b similarly. 
To simplify notation, we will implieitly assume that all implied eonstants 
depend on d 

The open ball eentered at G of radius r > 0 will be denoted 
and in partieular, we will write B := 5(0,1). If x G we will 
denote the d-dimensional ball by B{^,r) = B{^,r) fl If 5 is a ball, 
its radius will be denoted r^. If 12 C is a domain, we will write 

Qext ^ 

If 12 is uniform and B is eentered on the boundary, we will write for a 
point sueh that B{xB,rB/C) C5nl2 (or, to permit us some flexibility, any 
point xb satisfying this with constant 67 comparable to the original constant 
in the definition of uniform domains). 

For sets A, B G ]R'^+\ we let 

dist(A, B) = inf{|x — y\ : x ^ A,y G B}, dist(x, A) = dist({x}, A), 

and 


diamA = sup{|x — y\ : x,y E A}. 
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For A C a > 0, and d G (0, cx)], define 

= inf : /I C (J r,), x, G r, < 5} . 

We define the a-dimensional Hausdorjf measure as 

( 54,0 

the d-dimensional Hausdorjf content as ^^{A), and the Hausdorjf dimen¬ 
sion of A as dim A = inf{a : = 0}. See [Mat95, Chapter 4] for 

more information about Hausdorff measure. 


2.2. Regularity of harmonic functions. Here we eolleet some lemmas 
about harmonie measure. 


Definition 2.1. A domain C satisfies the Harnack chain condition 
if there is C > 0 so that for all A there is N (A) sueh that for all e > 0 and 
x,y e kl with dist({a:, y}, dkl) > e and \x — y\ < Ae, there is a ehain of 
balls Bi,B n C with 

(1) N < N{A), 

(2) vbJC < dist{Bi, dfl) < Ctb, for i = 1,..., N, 

(3) Bi n Bi+i 7 ^ 0 for i = 1,..., — 1, and 

(4) X e Bi and y G Bn- 

In partieular, if m is a positive harmonie funetion on H, then by repeated use 
of Harnaek’s inequality on eaeh B^, 


u{x) ~A u{y) 


if 


\x — y\ 

-^- - -< A. 

dist({a:, y}, dkl) 


( 2 . 1 ) 


Lemma 2.2 (Theorem 2.15 in [AHM+14]). A domain is uniform if and only 
if it satisfies the interior corkscrew and Harnack chain conditions quantita¬ 
tively. 

The way nondegeneraey will manifest in our proof is the following lemma. 

Lemma 2.3. Suppose kl C 5 g (0,1), ^ G cAI and r) n 

kl) < (3 < I for X G dB{^,6r) fl H and r G (0, i?). Then there is a = 
a{(3, d) so that for all r G (0, R) 

^ /orx G (I n5(^,r). (2.2) 


In particular, j is a regular point for dkl. 
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Proof. Let B = r < R, and 0 be a continuous function such that 

1b < 0 < I 2 B and let 0 = 1 — 0. Let = f fdufi. Then by the 
maximum principle, for x E 5B, 

n Si) < /J < 1. 

Thus, again by the maximum principle, for x E 6‘^B fl 12, 

u^{x) < f3uj^^sBid{SB) nn) <(3^ 

and inductively, we have 

u^{x) < (3^ for X E 6^B n 12 and j > 0. 

Thus there is a = a{l3,6) >0 such that 

X ESBnn. 

Having 0 decrease pointwise to 1^, we have 

<f,,5 for xESBnn. 

□ 

Definition 2.4. [Anc86] For a domain 12 C M'^+^ and a ball B centered on 
012, and x G 5 fl 12. We say that 12 is uniformly A-regular if there are 
6 E (0,1) and Ra E (0, cx)] so that 

sup sup ris{^,r) < 1. (2.3) 

r<R^ 

The original definition is given with 5 = \, but it is not difficult (but still 
tedious) to show that for uniform domains if the definition holds for one 
value 5 then it holds for any 5 E (0,1). 

Definition 2.5. [AikOl] Let d > 2 and let Cap denote the Newtonian capac¬ 
ity. A domain 12 C satisfies the capacity density condition (or CDC) 
if there is Rq > 0 so that Cap(i?\12) > for any ball B centered on 012 
of radius rs G (0,i?n). 

The same definition works in the plane with the logarithmic capacity, but 
we will not use it here. 

It was shown in [Anc86] that the CDC is equivalent to A-regularity for 
d>2. 

Theorem 2.6. [Anc86, Lemma 3] For d > 2, there is c > A so that if 
12 C and B is centered on 012, then Cap(i?\12) > if and only 
if there is (3 E (0,1) so that u)^^^^{d{cB) fl 12) < (3 on d{2B) n 12. In 
particular, 12 is uniformly A-regular if and only if it satisfies the CDC. 
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Lemma 2.7. [Bou87, Lemma 1] [AHM+15, Lemma 3.4] Let d > 1 and 
C be a domain, ^ G dLt, r > 0, i? := and suppose that 

p := n 6B)/{6rY for some s > d — 1. Then 

> p for all X G 5B fl (2.4) 

In particular, if^ satisfies {1.5), then^ is anon-degenerate point. IfJ^^{dLin 
6B) / (Stb)^ Y all balls B centered on dfl of radius less than some tq, 

then VL is ^-regular. 

For the (i = 2 ease, see [Bou87]; the general ease is identieal, but a proof 
is given in [AHM+IS] as well. 

Finally, we reeall some lemmas from [MT15]. 

Lemma 2.8. [MT15, Theorem 1.3] Let d > 1, Vt be a C-uniform domain 
in and let B be a ball centered at dVL. Let Pi,P 2 ^ Lt be such that 
dist(pj, B n dfl) > Cg ^ Tsfor i = 1, 2. Then, for all E C B n dfl, 

<(S) ccffiB)- ^ ^ 


Lemma 2.9. [MT15, Lemma 10.1] Let d > 1 and let fl C be a C- 
uniform domain and B a ball centered at dfl with radius r. Suppose that 
there exists a point xb G that the ball Bq := B{xb,t/M) satisfies 
4:Bo C fl n B for some M > 1. Then, for 0 < r < = 'rn((i, C), and 

r > 0, 

u:l^{B) ^c,M,T,d(^'^{B)Gn{x,XB)r‘^~^ for all x G f2\(l + t)B. (2.6) 
Here, = C )0 //’diam(f2) = oo. 

2.3. Tangent measures. We reeall some basie results. 


Lemma 2.10. [Mat95, Theorem 14.3] Let pbe a Radon measure on IST. If 
a G M"' and 


lim sup 

r—^0 


p{B{a,2r)) 

p{B{a,r)) 


< oo, 


then every sequence r* ], 0 contains a subsequence such that Ta^rj#T/{a, rf) 
converges to a measure v G Tan(/r, a). 


Lemma 2.11. [Mat95, Lemma 14.5] Let p be a Radon measure on 
and A a measurable set. Suppose a G supp p is a point of density for A, 
meaning 

lim = 0. 

p{B{a,r)) 

IfCiTa^ri#d — ^ ^ £ Tan(/x, a), then so does CiTa^ri#d\A- In particular, this 
holds for p almost every x E A. 
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The above lemma is not stated as sueh in [Mat95], but it follows by an 
inspeetion of the proof (in partieular the last two lines). The way we will 
use this lemma is the following. 

Corollary 2.12. With the assumptions of the previous lemma, ifCiTa^ntth 
u G Tan(/i, a), then for all ^ G supp u and p > 0, Ta^ni^) H i?(^, p) 7 ^ 0 
for j sufficiently large. In particular, we may find fi G Ta^n (^) so that 

Lemma 2.13. [Mat95, Lemma 14.7] Let p be a Radon measure in M”, 
s > 0, and let A be the set of points f in for which 

0 < a < <b < 00 . 

Then for almost every ^ G A and every u G Tan(p, ^), 

ar^ < r'{B{x,r)) < br^ for x G suppu, 0 < r < 00 . (2.7) 


A measure satisfying (2.7) for some a, 6 > 0 is ealled Ahlfors s-regular. 
We will need a slightly different version of this result suggested by Xavier 
Tolsa. 


Lemma 2.14. Let p be a Radon measure in s > 0. Then for p almost 
every .^0 ^ *5' = {.^ G M” : 0 < 9^'*{p,f) < 00 }, there is v G Tan(p, ,^ 0 ) 
and Tj such that 


Pj 




( 2 . 8 ) 


and 


u{B{x, r)) < for all x G supp u, r > 0. (2.9) 


Proof Note that the funetion 9*'^{p,x) is a Borel funetion (see [Mat95, 
Chapter 6 , Exereise 3]). By Ergorov’s theorem, for fc G N, we may find 
a set S'fc C S' n B{0, k) so that p{S n 5(0, k)\Sk) < k~^ and 9*’^{p, •) is 
eontinuous on S^. 

Eor integers k, i, m, let 

Sk,e,m = {^ G Sfc : p{B{f, r))/r* < (1 + f“^) 6 '*’^(p, f) for r G (0, m~^)} 

( 2 . 10 ) 

and let S^ ^ ^ be the points of density for this set. Then for eaeh m G N, 
almost all of Sk is in IJ^ S'^/,m’ henee almost all of Sk is in 

St ■= ^ Sk 

£ m 

Thus, almost all of S' is in S'* = IJ S"^. 
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Let ^ G S'*. Pick rj | 0 such that 

M-BK.rj)) (2.11) 

'^3 

Let fij = We first claim we can pick a subsequence 

so that this converges weakly to a nonzero measure u G Tan(/i, ^). To see 
this, observe that since 6**’®(/x, < oo, for any R we have that 


limsup/ij(5(0, i?)) = limsup ^ 

3 3 (s) 


= limsup 

3 




lim 


{RrjY j^oo/i(5(^,rj)) 


R^ 


( 2 . 11 ) 

< R\ 


Since this holds for all R, we can use a diagonalization argument to pick a 
subsequence so that fij converges weakly on all of MR to a finite measure 
13 G Tan(/i,0- 

Let X G suppi/ and r > 0. Let i G N, so G S*^^^ for some k,m. 
By Corollary 2.12, we may find G T^,rji^k,e,m) so that Q —>■ x. Let 
0 = Then 0*’"(/i,Ci) ^ since G Sk,e,m, Cj ^ 

and ■) is continuous on Sk,e,m- Hence, 


i3(B{x,r)) < liminf fij{B{x,r)) < liminf— x| +r)) 

j^oo J—>oo 

= lim inf 


3^00 


KB{^,rj)) 


( 2 ^ 0 ), . (l + i Y^*’"ik'Xj)rji\^3-^\+^y 

< hm ml- - - 


3^00 


KBi^.rj)) 


( 2 . 11 ) 


=' (1 + r^)0^’*(/i, 0(0 + ry ■ e^’Yfi, O"^ = (i + ry 




Since this holds for all £ G N, the lemma follows. 


□ 


Lemma 2.15. Let fibe a Radon measure in M^, s > 0. Let 

S' = {^ G M” : 0 < 6»^(/i,0 < oo,limsup/x(5(02r))//i(S(0r)) < oo}. 

r^O 

Then for almost every 0 ^ S' there is a G Tan(/i, 0) Vj such that 


fij — 


-)■ 13 


and 


fi{By,rj)) 

i3{B{x, r)) > for all x G supp i3,r > 0. 


( 2 . 12 ) 

(2.13) 









TANGENT MEASURES AND ABSOLUTE CONTINUITY OF HARMONIC MEASURE 13 


Proof. Again, (/x, x) is a Borel function (see [Mat95, Chapter 6, Exereise 
3]), so Ergorov’s theorem implies for A; G N, we may find a set Sk C 
S nB{0, k) so that fl 5(0, k))\S') < k~^ and •) is eontinuous 

on Sk. 

Eor integers k, i, m, let 

Sk,e,m = {^ e Sk: /x(S(^,r))/r^ > (1 - forr G (0,m"^)} 

(2.14) 

and let Sf^^^ be the points of density for this set. Then for eaeh m G N, 
almost all of Sk is in IJ^ SI and henee almost all of Sk is in 




Thus, almost all of S' is in S'* = IJ 5^. 

Eet ^ e S*. Piek rj J, 0 sueh that 

dA|Ll) (2.15) 

By Eemma 2.10 and the definition of S', we ean pass to a subsequenee 
so that eonverges weakly to a nonzero measure 

u G Tan(/r,,^). Eet x G suppu and r > 0. Eet £ G N, so G 
for some k,m. By Corollary 2.12, we may find G T^^rj{Sk,e,m) so that 
X. Eet Q = Tfr.iQ e Sk,e,m- Then 


limsup/ij(i?(a;,r)) > limsup/ij(i?(.^j,r — — a;|)) 

j^OO 


= limsup 

j^oo 


(2.14) 

> lim sup 

j-!-00 

(2.15) 


PiB{Cj,rj{r- 10 -ai|))) 
P{B{^,rj)) 

(1 - CfrUr - - x\y 


p{B{^,rj)) 


=' (1 - ryl{^r,oir - or ■ 0:(/i, = (i - 


Sinee this holds for all £ G N, for all £ > 0, we have 


o^B^x, r + e)) > o^B^x, r)) > limsup /j,j(B(x, r)) > jUj(B(x, r)) > r^. 

j^oo 


Thus z/(i?(x,r)) > for all x G suppu and r > 0. This easily implies 
u{B{x, r)) > for all x G supp u and r > 0. 

□ 


Lemma 2.16. Suppose n C is a uniform domain, Xq G fl, ^ 
dQ is non-degenerate, and rj —)■ 0. Then there is a subsequence such 
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that fij := converges weakly to a measure a G 

Tan(i*,™,f„). ’ 

Proof. Suppose ^ is (/3,5)-non-degenerate for some /9,5 G (0,1). By 
[Mat95, Theorem 14.3], we need only show that 


<(5(^0,2r)) 

limsup O — f!- < oo. 


(2.16) 


Note that for r > 0 small enough, xq ^ B{^o,Ar), and so we may apply 
Lemma 2.8 to get 


tag(BKo,2r)) (2.5) ^S(€o,2r) / pNN _1 (2.1) ^B(iQ,Sr)/p/^ N N 

<(B(&,r)) 


-1 




(2.17) 


Thus, since is non-degenerate, we now have (2.16) since 


imsup ,, < limsiipian*<|;",(B(&,r)n3Ji) "< 00 . 


□ 


3. Proof of Lemma I 

Let kl C ]R'^+^ be a uniform domain and ^ dkl and Vj —)■ 0. Let 
T, = T^0,r. and suppose /u:^{B{^Q,rj)) converges weakly to 

a measure /r. Let Vtj = TjiVL). Pass to a subsequence so that dVtj n 5(0, n) 
converges in the Hausdorff metric to a compact set S„. Note that C 
S„+i, otherwise there is a; G of distance r > 0 from S„+i. For large j 
there is G dVtj fl 5(0, n) fl 5(a:,r/2). Since G dVtj fl 5(0, n -f 1), 
rl2< dist(^j, S„+i) —)■ 0 as j —)■ oo, a contradiction. Let 

e = 1Je„. 

Lemma 3.1. We have supp /i C E. 

Proof. Suppose 5 is a ball centered on supp /i. Then fij{B) > 0 for all j 
large, hence 5 fl dklj 0 for all j large since supp/ij = dVtj. If G 
dVtj n 5, then there is a subsequence converging to a point ^ G E ft 5. 
Thus, E intersects the closure of any ball centered on supp /r, which implies 
supp /r C E. □ 

Lemma 3.2. By passing to a subsequence, we may assume that for all^ E T, 
and r > 0 there is a ball 5 of radius ^ so that 25 C 5(^, r) fl kljfor all 
large j. 
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Proof. Let A be a eountably dense set in E. Let ^ G A and r G Q fl (0, cx)). 
Then there is G n r/2) for j large enough. Sinee satisfies the 
C-interior eorkserew eondition, there is a ball B(xj, C B{Q,r/2)nD.j. 
By passing to a subsequenee, we ean find so that for large j 



By a diagonalization argument, we ean assure that this holds for all r) G 
Ax (0, r) n Q for suffieiently large j. By the density of A and (0, r) fl Q, 
it follows that for all ^ G S and r > 0, there is x^^r so that B{x^^r, ^ 

n for all j large. By taking B = B{x^^r, this proves the 

lemma. 


□ 


For all X G let = dist(a;, E) so that B{x,rx) C E'^ and 

B^ := B{x,rx/2) C (diljY for all suffieiently large j. By a diago¬ 
nalization argument, we may pass to a subsequenee sueh that for eaeh 
X G Q^’''^\E, Bx C Qj for all but finitely many j or B^ C for all 
but finitely many j. Let 


fl* = ^ for all but finitely many j}. (3.1) 


Lemma 3.3. fl* is a C-uniform domain with constant depending on C, 
dVt* = E, and fl* satisfies the SC-interior corkscrew property. 

Proof. By a eovering argument, it follows that any ball B with B C fl^ 
for all j large satisfies B C kl*. By Lemma 3.2, for every ^ G E and 
r > 0, there is a ball B C B(^,r) n flj of radius ^ for j large, and henee 
5 C fl*. Sinee this holds for all ^ G E and r > 0, this implies E C fl*. By 
eonstruetion, however, fl* C E®, and so E C Ofl*. Henee, we have shown 
that fl* satisfies the interior eorkserew property with eonstant 8(7, and in 
partieular, has nonempty interior. 

Now we foeus on uniformity, but to prove this, we will need the following 
theorem. 

Theorem 3.4. [Mar85, Theorem 5.1] Let kl be a uniform domain. Then 
there is a constant L, depending only on the uniformity constant for fl, such 
that for each pair of points x,y E fl there is an L-bi-Lipschitz embedding 
/ ; 5(0, |x — |/|) —)• fl such that {x, y} C /(5(0, \x — y\)). 

Let x,y E fl fl* and r = \x — y\. Then x,y E flj for all j large, 
so there is an L-bi-Lipsehitz /x,j/j : 5(0, r) —)■ fl^ sueh that {x, y} C 
fx,y,j{B{0,r)). By passing to a subsequenee, we may assume fx,yj con¬ 
verges uniformly to an L-bi-Lipschitz map fx^y ■ 5(0, r) -E If e: > 0 
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is small enough (depending on x and y), we may assume that for eaeh j 
there is Bj of radius ^ (1 — e)r)) fl B^, 

see Figure 1 . 



Figure 1. Here, the outer ball on the left is 5(0, r), the 
shaded smaller ball is 5(0, (1 — £)r), and the darker ball 
^B" C 5(0, (1 — s)r) are on the left and their images are 
shown on the right. The image of |5" is eontained in B^ 
and eontains a smaller ball Bj of desired radius. 

To see this, let r' = minjra;, r/2}. Then there is B” C 5(0, r) ft 
B{f~y j{x),r'/L) of radius Then /(5") C B{x,r') C B^. Now, if 
£ > 0 is small enough, ^5" C 5(0, (1 — e)r) and /(|5") eontains a ball 
Bj of radius whieh proves the elaim. 

By passing to a subsequenee, we may assume there is a ball 

B C (5(0, (1 - e)r)) n 5, C (3.2) 

for all j large. Observe that 

dist(/,,,yj(5(0,(l -£/2)r)),aOj) > 

for all j large, 

dist(/,,,j^(5(0, (1 - e/2)r)), S) > ^r. 

Hence, fx,y{B{0, (1 — e/2)r)) C and by uniform convergence, we have 
/a;^j^j(5(0, (1 — £)r)) C = dVL* for j large. By (3.2), since B C il* 
and since fx,y,j{B{0, (1 — s)r)) is connected, fx,y,j{B{0, (1 — s)r)) C 
for j sufficiently large. Again, by uniform convergence, we also have 
/x,y(5(0,(l -g )r)) C H*. L etting g 0, we get fx^y{B{0,r)) C H*. 
Note that x,y e fx,y{B{0, r)). 
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Thus, for all x,y & n Vt*, we can find an L-bi-Lipschitz map fx,y ■ 
i?(0, \x — y\) —)■ containing x, y. By Arzela-Ascoli, we can find such a 
map for every x,y E Vt*. Since balls are uniform domains and bi-Lipschitz 
maps preserve uniformity, we have that \x — y\)) is a uniform 

domain (with constant depending on d and L, which in turn only depends 
on the uniformity constant of fl). Thus, we can find a path 7 satisfying the 
conditions of Definition 1.1 for the domain fx^y{B{0, \x — y\)), and it will 
also satisfy Definition 1.1 for the domain D*. This shows that D* is uniform. 

□ 


Lemma 3.5. For ^ G dQ*\suppy, let B{^) = B{^,dist{^,suppy)/2). 
Let x^ be the center of the ball B F B{^) CiQ* given by Lemma 3.2. Then 
u^‘'{B(^)) —)■ 0, and in particular, 5B{^) fl = 0, where 5 is as in 

Lemma 2.7. 


Proof. Let R> 1 be so that RE 3 B{^). Let B' be the ball from Lemma 
3.2 applied to RE and x^' its center. Since Llj is uniform, we may apply 
Lemma 2.8 and get for j large 


S' 


(BiO) 


( 5 ( 0 ) < 


ojf'{RE) u:B^'"°\rE) 




ft(BK)). 


(3.3) 


Thus, since 25(0 supp /x = 0, 


limsupa;jO^(0) ^ limsup(5(0) </x(25(0) = 0 

j^OQ j^OO 


Now, suppose 55(0 7 ^ 0. Then there is a ball 5" C 55(0 HDO* 

with rational center so that 5" C 55(0 H D^* for all large j. Since we also 
have 5 C 55(0 n D^, this implies J^^{6B{^) n 5^) >rs,rg„ 
for all j, where the implied constant depends on and (the proof for 
Hausdorff measure is shown in [Badl2, Lemma 2.3], but the same proof 
works for Hausdorff content) and hence by Lemma 2.7, 


^]iB{0) >rs,r„ 1 for all X e 55(0- (3.4) 

So in particular, this holds for x = x^, but that would contradict the first 
half of this theorem. Thus, 55(0 H = 0. □ 


Lemma 3.6. Let 
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Then VL is also a uniform domain and dfl = supp fi. 

Proof. Since il* is uniform, we know that for all x,y E Vt* there is a good 
eurve 7 . But Vt* n |-B(0 = 1-^(0 for any ^ G 5f2*\supp /i, and thus for 
any pair of points x, y G there is a good eurve for x and y with respect to 
il*, and this eurve will also be good for Cl. Sinee there are good eurves for 
all pairs in Cl, it is not hard to show that there are good curves between any 
pair of points in its closure. 

Clearly supp p, C Cl. Moreover, supp p C S implies supp /i fl = 0, 
and by definition supp p fl ^B{^) = 0 for all ^ G dil*\snppp, henee 
supp p C dCl. Now suppose there is C ^ dCl\ supp p. Sinee Tl* C Cl, 
C ^ n*. Sinee ( ^ U supp p for any ^ G supp p, we also know 

C ^ dQ*, and so C £ In partieular, 

C e U 

supp fj, 

Thus there is ^ G supp p sueh that dist(C, f .B(O) 
and so 

s s 

1C - ^1 < + dist(C, 2^(0) < ^ dist(C, supp p) 

36 6 

< y dist(C,supp/i) + -IC-CI 

which implies 

3(5 

IC-CI < (1 - 5/8)“^y dist(C,supp/i) < (5dist(C,supp/i)/2 
for 6 small enough. But then 5B fl 7 ^ 0, whieh eontradiets Lemma 


Lemma 3.7. By passing to a subsequence, for any f G Co(M^+^), the func¬ 
tion 

= j 

converges to a harmonic function Vf on fl* in the sense that for all com¬ 
pact subsets K C fl*, K C flj for j sufficiently large and Ufj converges 
uniformly to Vj on K. In particular, 

Vf = Vgfor all f,g& such that = gtgQ. (3.5) 


< I dist(C, supp p), 
+ -dist(C,supp/i) 
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Proof. The set of eontinuous funetions vanishing at infinity is separable in 
the L°°-metrie, so let A be a dense subset of and f G A. For 

eaeh x G n fl*, we ean pass to a subsequenee, so that ujj eonverges 
uniformly on (reeall (3.1)), so by a diagonalization argument, we ean 
guarantee Ufj eonverges uniformly on every B^, and henee by a eovering 
argument, on every eompaet subset of fl* to a harmonie funetion vj. 

Note that if i? is a ball eompaetly eontained in then ujj{B) = 0 for 
large j, and so 

Vf = lim / fduj = lim / fduj. 

j^oo J 


Thus, 


Note that by (3.3), for ^ G supp /i 


(3.6) 



||/|Ua,;'(B«))<ft(BK))^0. 


Sinee fl* is uniform, and beeause eaeh x G is in an open ball eontained 
in Qj for j large, we have 



< f ~ 0 . 

Jb{0 Jb{0 


Sinee this holds for all ^ G c)f2*\ supp /r and (3.6) holds, we have 


= (3.7) 

Thus, by a diagonalization argument and the density of A in C“(M‘^’''^), 
we ean ensure that for all / G Cf", there is a harmonie funetion Vf : il* ^ 
M that is the uniform limit of J fduj on eompaet subsets of fl* and sueh 
that (3.5) holds. □ 


Combining all the previous lemmas, we have now shown the following. 

Lemma 3.8. Let Q be a uniform domain, G dfl and rj —>■ 0 such that 
fCj = /uQ{B{^o,rj)) converges weakly to a measure /i. Then we 

may pass to a subsequence such that 

(1) supp/r is the boundary of a C-uniform domain fl, where C de¬ 
pends on C and d. 

(2) There is a uniform subdomain VL* dense in fl such that for all x G 

fl*, ifflj := then X G klj for all sufficiently large j. 

(3) Forx G Ll* and 00 j := Uq., and any continuous function f vanishing 
at infinity, j fdooj converges to a harmonic junction Vf uniformly on 
compact subsets ofQ* such that (3.5) holds. 
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Lemma 3.9. Let C be a uniform domain. For almost every non¬ 
degenerate point G OFL, ifvj —)■ Oandpj = /uq {B{^o,rj)), then 

there is a subsequence that converges weakly to a measure fi satisfying the 
conclusions of the previous lemma. In addition, we have Vf = f fdu for 
f G where u is the harmonic measure for 

Proof. First note that for 5 < r, by the maximum prineiple, 

sup r) n f]) < sup r) n f]). 

|x—^|=5r ja:;—^|=rr 

Thus, E = {jEn where 

En := E dkl -. for all r G (0,1/n), 

sup r) n f]) < 1 - 1/n}. 

\x—^\=r/n 

Fix an n and let ,^o be a point of density for En with respeet to the measure 
u^. By Lemma 2.16, we ean pass to a subsequenee so that pj eonverges 
weakly to a measure p, and thus again to another subsequenee so that the 
eonelusions of Lemma 3.8 hold. Let / G Co(M'^+^), e > 0, and ^ G d^. 
Piek r > 0 small enough so that 

1/(0 - /(Ol < ^ whenever |^ - Cl < r. (3.8) 

Consider the funetion 

h{x) = f{0+£ + ‘^\\f\\ocUJj{B{^,rf) - j fduj]. 

This is harmonie on klj. We will show that h is nonnegative. By [AGOl, 
Theorem 5.2.6], it suffiees to show that 

liminf h{x) > 0 and liminf h{x) > 0 for quasi-every C E dkl. (3.9) 

x^oa x—>( 

Let B(y, R) be a ball eontaining the support of /. Then 11/| loop^pO is 
a subharmonie majorant of |/|, and thus 

as X —)■ cxD. Thus lima,_).oo h{x) > 0, whieh proves the first part of (3.9) 

To prove the seeond part, we reeall that quasi-every point ( E dVtj is 
regular [AGOl, Theorem 6.6.8], thus we only need to show lima;_^^ h{x) > 
0 for C G dVtj regular. 

(1) If C £ B{^, r), then 

lim inf h{x) > /(C) -f £ - lim [ fduj = /(C) - /(C) + ^ 0. 

x^c J 
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- - c 

(2) If C ^ r), then the boundary data of r) ) is eontinuous 

at C and thus 

liminfh(a;) = /(O + e + 2||/||oo -/(C) > £ > 0. 

Thus, we have shown that liminf 3 ;_>^ h{x) > 0 for C regular, which proves 
the last part of (3.9), and hence h>0. 

We can similarly show that the function 

/(f)-E-2||/||ooi^"(:B(LlT )-j 

is nonpositive. Combining our estimates, we obtain that 



/(C) 


< 2\\f\\^ujj{B{^,rf) Tefora; e flj. 


(3.10) 


Let p e (0,1/10) and C G supp/i. Let i? = 1 + |C| + p. 

Since Co is a point of density for E^, by Corollary 2.12 we can ensure 
that for j large enough there is Q G Tj (En) with 

|C-0l<pr. (3.11) 

Setting Cj = Tr\Q), we have Cj e EnH S(Co, Rvj) with |T"^(C) - Cjl < 
prvj. Note that by the definition of En and by Lemma 2.3, for j large 
enough so that — > lOOr we have 

^/(^(Ci, (1 - pyi") <n for a: e S(Cj, (1 - p)r) n VLj. 

Thus, we have for a: G fl i?(C, r/4)\S(C, 2pr) C B{Q, (1 — p)r) that 


(3.11) 3 

\x-Cj\ < \x - ^\+pr < -\x - y 


(3.12) 


and 


a;^(i?(C,r))<a;^(5(0,(l-p)r)) 


< 

rs_/ 


y-Cj\ 

(1 - p)r 


< 

rs_/ 


|a;-C| 


(3.13) 


Combining (3.10) and (3.13), we get 


fdto^ - /(C) 


< 


k - Cl 


+ £ if X G flj n i?(C, r/4)\i?(C, 2pr). 


Letting j —)■ oo, and using the fact that x G implies x G flj for all large 
j, we have 


- /(C) I < 


I a; - Cl 


+ e if X G n S(C,'r/4)\i?(C, 2pr). 


r 
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Now let p —)■ 0 and we get 

l^/(a^) - fiO\ ^ ^ ifxeB{^,r/4:)nQ*. 


Hence, 


/(^) — e < liminf Vf{x) < limsupn/(x) < /(^) + £. 


Letting e —)■ 0, we now have 


linin/(a:) = /(O- 


Thus, Vf is a harmonic function on f2* whose limits at dQ C OQ* coin¬ 
cide with /. Let a; = u^, Uf = J fdu, and F = M/lan.\supp/. + /suppp. 
By (3.5), Vf = vp. Moreover, vp is harmonic in and has boundary limit 
equal to F at every regular point in dQ*. In particular, it equals / every¬ 
where on supp p = 0(3 and equals Uf at every regular point of 0(3*\ supp p 
since Uf is continuous on 0(3* \ supp p. Thus, Vf = vp = J FduQ*. The 
function uj agrees with F at every boundary point of 0(3* as well, hence 
Uf = J Fdcofi* = Vf. Therefore / extends harmonically to all of (3 and in 
fact Vf = J fdu. □ 

Lemma 3.10. With the assumptions of Lemma 3.9, if E is the set of{/3, 6)- 
non-degenerate, then for almost every point G E, (3* is A-uniform with 
constants depending on C, d, 6, and (3. 

Proof. We will assume 5 = | for simplicity. Let B = B(^, r) be a ball with 
^ G Ofi, r > 0, and let x G d^B fl (3*. By Lemma 4.1 in [Azzl4], there is 
a constant C > 0 depending only on the uniformity constant of (3j (which 
is the same constant for all j) so that for all j with 0(3^ n i? 7 ^ 0 , there is 
a C-uniform domain (3^ C 9lj n CB such that B (1^1 j C (3^, see Figure 
2. By Lemma 3.9, we can pass to a subsequence and guarantee there are 
uniform domains (3^’* C (3^ (the former dense in the latter) so that u^g 

converges weakly to u^g for all y G (3'®’*. By the definition of (3^, we 

know C CB n (3 and i? fl C (3^. 

Let En = [i & E -. pi/ 2 {^,r) < (3 for r < l/n}. Then almost every 
^0 £ 3? is a point of density for some En, n G N. By Corollary 2.12, for 
each j sufficiently large we can pick G Tj{En) C dflj converging to 
^ and set Bj = B{^j,2\^j — x|) so that Bj C ^B, > rs/lOOO, and 

X G d\Bj. Then by the maximum principle, weak limits, the maximum 
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Figure 2. In the figure on the left, the shaded area depiets 
qb* c CB nil* and on the right we have ilf C CB n 


principle again, and since G Tj{En), we have 

^ > limsupcu^s ("^5^ 

jr'^OO ^ / 

> n dilj) > 1 - (3 > 0 

j^oo 


for some (3 depending only on 5 and (3. This implies {^B n f2) < 

(3 < 1. Since x E d^B and our choice of ball B were arbitrary, we have 
thus shown A-uniformity. □ 


Lemma 3.11. With the assumptions of Lemma 3.9, if B' CB = B{^,r) 
are balls centered on Oil and B{x, -^) C B n fl is a C-corkscrew ball 
(recall is uniform) then 


^,(B) ■ 


(3.14) 


Proof Let Tj = dj •= a)) be the subse¬ 

quence obtained in Lemma I (note that /rj (B) = 1). Let ( G Oil, B = 
B{(, R), ^ C B n d^, and r G (0, R) so that 

B' = B{^, r) C B{^, 2r) C B. (3.15) 

Fix M > 1 so that 2B C gB. 

Let G dilj converge to 0 and Bj = B{^j,M — |^j|), so for j large 
we have ^B C C MB. Let yj be a corkscrew point for Bj in ilj, so 
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B{yj,rBj/C) C Bj n flj. By passing to a subsequence if necessary, and 
since —>■ M, we can assume there is y so that B{y, C n Bj for 
all j large enough. Since 2B C we know y G VLj\2B, and for j large 
enough we know Xj := Tj{xo) G f2j\MB C Vtj\MBj, so we can apply 
Lemma 2.8 twice to get for e G (0,1) 


( 2 . 5 ) u:l{B') 




XB) 


< liminf 




XB') 


u 


n 


(B) - <((1-£)B) 




3) 


( 2 . 5 ) . „ 

~ limmt r- ,, -^— ,, , r- , —r 

^nX{^-^)B))/{Bj) 


= liminf 

j^oo 


= lim inf 

jr'^OO 


Tj#u^°{B') 

T„u,S((.l - e)B)) ^ 


Letting e —)■ 0, we get 

- fi(B) ' 

Now apply this to pB' and take p 11, we get 


^ ^ ^(pB') ^ pBj 

£,?(S) rti c£pS) ~ p{B) p{B) ■ 


Thus, we get one inequality in (3.14). The other inequality has a similar 
proof. 

□ 


Lemma 3.12. With the assumptions of Lemma 3.9, suppose there is E C 
d9l with Uq {E) > 0 and c > 0 that 


lim inf 

r—^0 


jef,{B{i,r)ndn) 

rpS 


> cfor all ^ G E. 


(3.16) 


Then for oj^-almost every G E, there is c' > 0 depending on s, d and c 
so that 


Jiff {B (^, r) n Of!) > c'r® for all ^ G 891 and r > 0. 


Proof Let ^ & 891 and r > 0. Set 

En = {i & 891 ■. Jiff{B{^, r) n 891) > for r < n~^}. 


(3.17) 
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Then E = \jEn. Let be a point of density in some En with respect 
to . Let ^ G = supp /i, r > 0. Then by Corollary 2.12 there is 
e r/2)), and thus ifj is large enough so that rrj/2 < 1/n, 

>r-9r^(i?(0,rr,/2)n9(2)>|^. 

Let Uj be an s-Frostmann measure with support in B(^,r) fl 9f2j so that 
Vj{B{^,r)) > By passing to a subsequence, we can assume Vj con¬ 
verges weakly to another s-Frostmann measure v and u{B(^, r)) > If 
( e supp u, then for all f > 0, 2t)) > u(i?(C, t))/2 > 0 for j large 

enough, and so for j large 


9r^(i?(C,2f) n9(2,) > u,(i?(c, 2 f)) > u(i?(c,f ))/2 > 0 . 

Thus, there is Q G d^lj fl B{(, 2t), and so 

JC(B(0,4i) n 9%)/(4()' > > 0. 


2(4f)^ 


Hence, by Lemma 2.7, for all j large. 


w;'’“''“’(B((C,4i(i + r'))) > 

> .4C(B(0,4() n ajij)/(4()' > > 0. 

and hence -f 5“^))) > 0 for all f > 0, which implies 

C G supp a; = 9(2. This implies, finally, that 

9r^(5(e,r)n9(2)>u(5(e,r))>|^. 

Since this holds for all ^ G 9(2 and r > 0, this finishes the proof. 

□ 


This finishes the proof of Lemma I 

4. Proof of Theorem I 

In this section, all implied constants are assumed to depend on the uni¬ 
formity constant and d. Let 

F = G 9(2 : 0 < < oo, ^ non-degenerate}. 

We fix ^0 G E such that the conclusions of Lemma 2.14 and Lemma I 
hold for Hj = rj)). Then for balls B' <Z B centered 
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on dQ, 


^^B') ^ r%, 


(4.1) 


Pick i? C f2 so that there is C £ dB fi dVL. Let x be the eenter of B. We 
elaim that if a > d, then the normal derivative of ■) at C is zero. Let 
X e [C, x] n dB{C, r^/2). Let B = B{C, 2r^) and B' = B{C, \x - C|), see 
Figure 3. 



Sinee Gj^{x,() = 0 and beeause < G^ by the maximum prineiple, 
we get 


\G^{x,x) -G^{xX)\ ^ Gs{x,x) ^ G^{x,x) 

|x — Cl ~ Cl ~ ~ Cl 

Now we apply the Harnaek ehain eondition in each variable of the Green 
function and use Lemma 2.9 to get 


GniS:,x) G^{xb,xb') 

- r\j - 

|a;-Cl k-Cl 

Finally, by (4.1), we get 

\x-Cyu:l-{B) 


x-C\^-<^u:l-{B') u:l-{B') 

|x-CK"(S) |x-C|''a;^"(i?)’ 

rg, |x —C|“~'^ 

|x-C|V(^) /^(5) 


Combining these estimates, we get 

iGg(x,x) -Gg(x,c)i ^ \x-cy-'^ 
|x-C| ~ li{B) 
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SO as a: —C along [C, 5], this shows that the normal derivative at ( must be 
zero, as wished. But Gjj{x, •) = on B, whieh elearly has 

nonzero normal derivative at (, and this gives a eontradietion. Thus, a < d. 


5. Proof of Theorem II 


First assume G (0, cxd) < cxd for eaeh ^ E E and u^{E) > 0. 

Then it is not hard to show that E has a-finite -measure. Indeed, note 
that if 


Efc,, = {^eE: <(5(e,r)) > r’^/iforr E (0,^-']} 

then E = [jf,^Ek. Fix k E N and let r < By the Besieoviteh eovering 
theorem, we may find a eovering of Ek/ by balls Bj of bounded overlap of 
radii r so that eaeh Bj is eentered on Ek/. Then 

<Y.ri, < <, ([JB,) < 1. 

Letting r — )■ 0 shows E^^ has finite a measure. If a < d — 1, then eaeh 
Ek/ has finite (d — l)-measure. This implies E^^e is polar [AGOl, Theorem 
5.9.4] and polar sets have harmonie measure zero [AGOl, Theorem 6.5.5], 
thus oj{Ek^i) = 0 for eaeh k, i, and henee = 0, we get a eontradietion 
sinee Uq{E) > 0. Henee a > d — 1. 

Now assume (1.5). Note that (1.5) and Lemma 2.7 imply eaeh ^ E E is 
non-degenerate. Again, by Lemma I , we ean find a tangent measure and 
domain Cl satisfying 


ul-{B) /i(5) 


rrO- 

> _JL 

' B 


(5.1) 


and so that eondition (5) of Lemma I holds. This implies dim OH < a, but 
eondition (5) implies dim OH > s, and so a > s. 
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